Final Exam Solutions

dy
dx

Math 321-A

Monday, December 10, 2001

o
|
Q
[V}
+
S
[v]

I
‘g@ln%ﬂ
o

o o

Il
—
S
o

2 cos 6
7 cos 6
7 sin 6
dy/df
dz/de

dr _:
@SIHG+T‘COS€

% cosf —rsinfd
(—2sin6)sinb + (2 cos ) cos b
(—2sinf) cosd — (2 cos @) sin O

sin? 0 — cos?

2sinf cos 0
cos(20)

~ sin(26)

— cot(26)

t 2
—cot [ 2=
3




— 0577
3.
Ft) = (t* -3t 3t%)
u(t) = (3t>—3,6t)
l56)1 = /(32— 3) + (6)?
= Vo 118219
= 3t°+3
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arc-length = /||17'(t)|\ dt
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= / (3% +3) dt
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flxy,z) = s+y°+2°
Vf({l?7y72) = <172y7322>
IVF@y 2l = 12+ (29)2 + (322)°
= 1+4y?+9z4
\3i (1,2y,32?)

VAl /T4y 1924

5. There are two supplementary angles, one acute and the other obtuse.
We will check our answer to see if it is obtuse; if it is, we will find its
supplement.

The angle between the planes is the same as the angle between the two
normal vectors 777 =< 3,—4,5 > and 1y =< 1,—2, -3 >.
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6. We will set the components of the lines equal and try to solve for s and .

71(s) = <3s+1,—2s+5,5>
= 7a(t)
= <2A—1,—t,—t>
z component: § = —t
y component: —2s+4+5 = 2t45
= —t
¢ o= 2
3
5
* T 3
xr component: 3s+1 = 2t—1
5 5
3(§)+1 _ 2(_5)_1
13
6= -3

Since we get a contradiction, the lines do not intersect.

7. Let P = (1,3,5). Let @ be any point on the plane, e.g., (4,0,0). Q — P =
(3,—3,-5) is a vector from P to the plane. @ =< 1,1,1 > is a normal
vector for the plane. The projection of @Q — P along 77 is a perpendicular
vector from P to the plane and its length is the perpendicular distance.
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3-14+(=3)-1+(=5)-1
= 1,1,1
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< 0,—sint,—cost >

V12 + (cost)? + (—sint)2

e

f)
Ol

< 1,cost,—sint >

1
=

5l

—~

1)(—sint) — (cost)(0) >
< —1,cost, —sint >
V(=1)2 4 (cost)? + (—sint)?

©

I

X

X

< —1,cost,—sint >

=T
RS}

Sl
Tl

X

—

1
V2V2

< (cost)(—sint) — (—sint)(cost),

(—sint)(1) — (—1)(—sint), (—1)(cost) — (cost)(1) >

< 0,—sint, —cost >

(cost)(—cost) — (cost)(0), (—sint)(0) — (1)(— cost),



flz,y) = 2?y+axy?—12
dy _ _f=
dx Iy
2xy + y>
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10.
flay) = ye® +3e” —y
fe = ye®+3e”
= (y+3)e”
fy = €e" =1
Critical point: z = 0
y = =3
foo = ye'+3e”
foy = €
fyy = 0
At (0,-3): D = faufyy — (fmy)2
= 0-0-12
= -1
< 0

and the point (0, —3) is a saddle point. f(0,—3) = (—=3)-e"+3-e*—(-3) =
3.

11. We need to integrate |7, X || over the given region.

lu,v) = <u+v,u—v,v—u>
o= <1,1,-1>
T = <1,-1,1>
Fux i = <1-1—(=1)-(=1),(=1)-1—1-1,
1-(-1)—1-1>
= <0,-2,-2>
17 x7ll = V0¥ (27 + (-2)2



12.

13.

14.

15.

Surface area

= 2.828
F(z,y) = Vf(z.y)
= (2zeY,2%e¥ 4 3y?)
= <fmv fy>
fo = 2xeY
flxy) = 2’ +Cily)
fy, = 2%+ C}(y) from previous line
= z%e¥ +3y? from vector field
Cily) = 3y’
Cily) = y*+0C
fla,y) = 2% +y° + Co
F(z,y,2) = (z+y+2z2"y")

" oy?> 02 dx+y+z Oy* 01 Or+y+=z
cwrlFF = (—-"F+ —F— - —  — - ———
dy 0z 0z Oxr’ Or

= <2ya 17 2z — 1>

All of the conic sections have the same form of equation in polar coordi-
nates, while their equations are very different in Cartesian coordinates.
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o(t) = (2t,3t%,4t%)
7(1) = (2,3,4)
ity = (2,6t,12t%)
a(l) = (2,6,12)
7)) xda(l) = (3-12—4-6,4-2-2-12,2-6—3-2)
= <12,-16,6 >
B = V23244
- VD
[50) x @) = V122 4 (-16)> + 62
= 2\/W
|15(1) x a(1)]
w0 EOlk
_ 2109
T 20v29
= 0.1337

16. The region is described by 0 <y < y/z and 0 < z < 4.
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17.

2z + 3y
< cost,sint >
2cost + 3sint

< —sint,cost >

V(= sint)2 + (cost)2

1
b
/ ) |50 dt

/ (2cost + 3sint)(1)dt
0

2sint — 3cost|y



18. The region has 0 < p < 1 going from the origin out to the boundary
hemisphere. The region has 6 taking on all values from 0 to 27 as it
sweeps around the zy-plane. The region has ¢ only going from 0 (the
positive z-axis) down to m/2 (the base in the zy-plane).
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Ft) = (e e " 0)
u(t) = (e',—e"0)
ol = VT s
ait) = <et7e_t,0>
IXd = <0—0,0—O,et et (—eft) et>
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et el +(—e ). et
Vet + e—2t

o2t _ o2t

A /e2t + 67215

The directional derivative is the dot product of the gradient and the di-
rection vector.

flay) = a® =y
Vilx,y) = <2zx,-2y>
D f(z, = Vf-u
= 23:-?-1—(—23;)-(—%)
= \/§x+y
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