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1 Introduction

In finite dimersionallinearalgeba, we oftenusebasedo answequestionsabou oper
atorsandsubspaes.Depenihg uponthe context, somebasesvork betterthanothers.
For exanple, anorthanormal basiscaneasilybe usedto testwhether a given vecta is
in agiven subspae, or to expressavectoruniquely in termsof thebasis.



It is possibleto perfam analogusopeationswith the algeba of polynomialsover a
finite numter of varialles. Grobnerbaseshave beenarourd for overthreedecadesnd
sene asconveniert tools for answerilg questionsaboutpolynomials and systemsof
polynomialequaions.

2 History

BrunoBuchkergerwrotehis dissertatiorin 1965atthe University of Innskruck onthe
creationof whatis now knovn as Grobner bases.(Wolfgang Grobner supevisedhis
dissertation.

Buchbeger's work did not really attractnotice until the 1970s, at which time Buch-
bemer coinedtheterm“Grobrer basis.

The main algorithm for compuing Grobner basess knowvn asthe Buchbeger algo-
rithm.

3 Computation

3.1 Order

We will beworking with long divisionwith multivariablepolynomials. With onevari-
able,it is clearwhatwe meanby quotiert andremainer: if we dividex® + 1 by x? + 1,
wehavex+1 = (X2 + 1) (X)+ (-x+1), wherethequotiert is x andtheremainr —x+1
is requred to be“smaller” thenx? + 1, in the sensehatits degree is smallerthanthat
of X? + 1.

Whatif we have two varigblesx andy? Whatdoesit meanto divide x2 + y® by x2 + y??
Dowewantx® +y® = (x2 + y2) () + (—xy? + ¥3) orx + y° = (%% + y?) (y) + (x© — x?y)?

Thekey is decidirg how we wanttheremairderto be “smaller” thanthedivisor. This
impliessomesortof ordeing of the polynomials. We will startby ordeing theterms,
sothateachpolynomialwill have aleadingterm. We canthendefinep < qto mean
thattheleadingcoeficientof q — p is positie.

. . . €,
Ordeing the termsreally comesdown to ordering the monamials xllx;'Z . .xﬁ”; once
we have dore so,thenwe canworry asto whetheror not the coeficient of thetermis
positive or negaive.

Sincewearedealingwith polynanials,we needanorde thatrespectsiotonly addition
but alsomultiplication. Thereforewe definea monanial orderingonthe monamialsto
beawell-ordeing < suchthatif m;, m,, andm, areary monanials,m; < m, implies

thatm,m, < m,m,.

. . . . . . € f f, .
Oneof the simplestmonanial ordeingsis lexicographic:x1 .. x> xi ...xn" if and



onlyif thereis a j betweerl andn suchthate; = f; fori < j ande; > f;. Thisordering
is competely deternined by how we order thevariadlesthemseles.

Oncewe have a monanial orderdefinal, we have a well-ordering on the setof poly-

nomials. In perfoming long division, we will alwaysrequre thatthe remairder be
smallerthanthedivisorin the senseof this order Thus, if we usea lexicographicor-

dering onourvariableswe havethatx®+y® = (X2 + y?) ()+(—xy? + y). Theremainer
—xy+Y? is smallerthanourdivisorx? +y? sincetheleadingtermof —xy? + y* — (x2 + y?)
is —x?, andtheleadingcoeficient is negative.

3.2 Rewriting

We canthink of going from a polynomial to its remairder as a form of rewriting.
For exanple, if we know thatx? + 1 = 0, thenwe canreplacethe leadirg term x2
everywherethatit appeas by —1. We will write this substitutionas a rewriting rule
x> —» —1; we will alsousean arrov whererer we emplo it, i.e., x3 - —x. In the
areaof solvingsystemsof polynomial equatiors, we would like to be ableto useone
equadion to simplify anotherin this fashion. The processof applyirg rewriting rules
to polynomialsis known asreductio sincewe are replacirg the leadingterm by a
combinationof smallerterms.

In this setting,we would like to redwce a givenequationby all of the otherequatims,
andthereinliestherub. It is possiblethatreduéng a polynomial by differentequatios
will yield differert results.

For exampe: Supmsewe know thatx? —y = 0 andthatx® —y = 0, wherewe orderthe
termslexicographicallywith x > y. Thenhow canwe usetheseequatimsto reducex3?
If we divide out by thefirst polynomial,we have x° = (x2 - y) (¥) + xy, whichwe can
write asx® — xy. If we divide outby the seconcpolynomial we have x3 = (x3 - y) +Y,
whichwe canwrite asx® - y. Notethattheresultsxy andy differ andthemseles can
notberedwedary further

This problemwill only occurwhenwe try andredice a termthatis divisible by both
of theleadingterms.

Thereforeif we wantto make surethat rediction by a set of polynomials leadsto
consistentesults,we will needto make surethat the resultof applyirg two rulesto
any comman multiplesof their leadingtermswill yield the sameresult.

For every pair of polynomials p andq we definetheir syzygyto be

S(p,q) = (lem(p,, )/ p)p - (Ilem(p.,q.)/g.)q

wherep, andq, aretherespectie leadingterms.(Thedifferencewill alwaysresultin
theleadingtermsof the praductscancellirg out.) Thesyzyg is ameasuremntof how
far apartthe redwtion of lcm(p,, q,) by p or qis. If we now setthe syzyg to 0, we
force theresultsof redictionsby p andby g to beequa

For exarple, (X2 — y,x% — y) = (X¥/x2) (% — y) — (¥)x®) (x® —y) = y — xy.



3.3 Algorithm

Whenwe look at all the possiblecomhbnationsof a given setof polynomials,we are
looking ananideal generatedby them.

A reducedGrobrer basisfor a givenpolynomialidealis a setof polynomialsthatwill
alwaysproducethe sameresultwhenappliedasrewrite rulesto ary polynamial. By
theabove, oneof the prodemsin constructig sucha basislies in makingsurethatall
syzygdesareaccountedfor.

Thefollowing algorithm dueto Buchterger, will take asetof polynomialsandproduce
areducedGrobnerbasisfor theidealthatthey geneate.

. Let G bethesetof polynomials,with amoromial ordeing onthem.
. Let B betheredwcedGrobrer basis.Startwith B = {}.
. While G is norempty let g beanelementandremoveit from G.

1
2
3
4. Reducq by all of theelementof B.
5. If g = 0, returnto Step3.

6

. Otherwise seeif ary of theelementd of B canbereducedy g. If so,remoe
b from B andaddit to G.

~

. Add Sg, b) to G for all of theremainirg elementf B.
8. AddgtoB.

9. Returnto 3.

It canbe shawvn thatthis algorithm will alwaysterminatein a finite numter of steps.
At ary pointwe mayremove ary constanfactors.

Forexampe: letx > y > zwith alexicographc orderingon polynomialsin thosethree
variabes. We will find a Grobnerbasisfor the polynomialsx? — 2,y? - 3, andx+y -z
Theleadirg termwill alwaysbewritten atthefront of the polynomial.

We startwith:
B={}
G={X-2y°-3,x+y-2

Takeg = x? — 2 from G. SinceB is empty it cannotberedwedary further by division
by elementf B, andlikewise nore of theelemetts of B canbereduced There areno
syzygesto compute,andwe addg to B.

B={x¢-2
G=(yY-3x+y-2



Take g = y? — 3 from G. It canrot be redwcednor reducethe only elementof B. We
addthesyzyg S(y? — 3,x% — 2) = -3x? + 2y? to G andg to B.

B={x-2Yy>-3
G={X+Yy—2,-3% + 2y%

Take g = x + y — zfrom G. Thefirst geneatorin B canberedwedby gtoy? — 2yz+
7 - 2, andis removed from B, with its redu@dform addecto G. We addthe syzygy
Sx+y-2zy?—3) =y -y?’z+3xto G andg to B.

B={y’-3,x+y-12

G={-3+2°, V- 2yz2+ 2 -2,V - y°z2+ 3x}

Wetake g = —3x? + 2y? from G. Thefirst elemeniof B redwcesg to —3x? + 6, which
the seconcelemen of B redicesto —3y? + 6yz— 32% + 6, which now thefirst element
redwesto 6yz— 3z — 3 = 3(2yz- Z° — 1). Noneof the elemerts of B canbereducel
by 2yz- 72 — 1, sowe addits syzyges S(2yz— 72 — 1,y? - 3) = -yZ — y + 6z, and
S2yz- 72 - 1,x+y—2) = =XZ — x— 2%z + 2yZ t0 G, andadd2yz— 722 - 1to B.
B={y?-3,x+y-2z2yz— 72 -1}

G={(Y-2yz+ 2 - 2,y° —¥?2+ 3X,~y2 — Y + 62,—XZ — ¥’z + 2y 7}

After afew more(lenghy) iterationswe endup with G emptyandB = {-1 + 10z -
2, -2y + 11z - 28, -2x - 9z + Z°} asour Grobrer basis.

This processs toolengthyto bedoneby hand fortunatelybothMapleandMathem#
ica have commausfor it. In Maplethe comnandis gr oebner [ gbasi s], andin
Mathemdica it is G oebner Basi s[ | i st of pol ys, vari abl eorder].

4 Examples

4.1 Solving a System of Polynomial Equations

If it is possibleto eliminatea varialde from a systemof polynomial equatims, thena
properly chosenGrobner basisfor that systemwill cortain a polynomial free of that
variabe.

The sameis truefor eliminatingseveralvarialles, soif it is possibleto solve a system
for afinite nunberof solutionsthenit is possibleto find a Grobnerbasisfor thesystem
thateliminatesall but oneof thevarialles. Theroats of thatunivariatepolynomial can
be substitutedackin to recusively solve for the valuesof the othervariabes.

Supmsewe startwith thefollowing systemof equations:

X+ Xy +y
XY+ -y

I
o b



If we usetheseequatios to generate Grobnerbasiswith alexicographicorder then
if it is possibleto combire theseequatios to eliminatea variable,it will shov up as
the largest geneator in the basis. The smallerof the two variableswill be the one
eliminated

Using Mathematica we write the equatiams as polynomialsin a list, andthe lexico-
graphic orderasa secondist of variables.

With x > vy:

I n[ 1] : = Groebne rBasis [
(X3 +xxy+y3 -4,
X*Y2 +X3 -y4 -5}, {X, Y}

Withy > x
Qut[1]= {-1-8y3+11y*-13y>.y6_
8y7 +y8 _3y9 _3yl0 _gyll_yl2
8-9x-8y+55y2 _117y%+88y* -25y°+
55y% _18y7 +17y8 + 20y% + 23y10 . 8ylly

I n[ 2] : = Groebne rBasis [
{X3 +X*xy+y3 -4,
X%Yy2 +X3 -y4 -5}, {y, x}]
Qut[2]= {-381-560x -100x2 +395x3 +372x* +40x5-
143 x% - 87 x7 - 4x8 + 21 x% + 7x10 - x12,
118423266 - 3938750 x - 86476014 x%—
50817625 x3 - 2517535 x*+
28636842 x> + 2790073 x5+
2844613 x7 - 2148924 x8 + 482607 x°-
428450 x10 + 97642 x1! + 69569829 y }

In both casesthe first geneator is a twelfth-degreepolynomial in a single variabe.
Generdly suchanequatiorwill notbesolvablein termsof radicals etc.,but thesystem
canthenbe“solved” in termsof theroot.

For exanple, giventhaty is a root of the first geneatorin the first case,the second
geneatorexpressex in termsof y. Similarly, thesecondcaseallows usto expressy in
termsof x, giventhatx is aroot for the given twelfth-degreepolynomial.

4.2 Eliminating a Parameter from Parametric Equations

If we aregivenpolynomialor evenratioral paranetric equatiors, we canusethemto
solve for a Grobrer basisthatcontairs at leastonegeneatorthatdoesnot cortain the
paraneter(s),.e.,animplicit equatim conrectingothervariabes.

Letx = t/(t?—1) andy = t%/(t3+ 1). Wewill try to eliminatet andproduceanequatio
conrectingx andy.



As written, x andy are not polynomial functions, but we canintroducetwo auxiliary
variabdesu andv to betherecipraalsof thedenoninators:

x—tu = 0
y—t?v = 0
ut’-1)-1 = 0
vil+1)-1 = 0

If weorderthevariadesu > v > t > x > y, thenthegreatespolynomialin theGrobrer
basiswill eliminateu, v, andt if atall possible.

UsingMathemaica onthis systemwe find:

I n[ 3] : = Groebne rBasis [
{X-t%u, y-t2 %v, u(t2 -1) -1,
v(t3 +1) -1}, {u, v, t, X, y}]
Qut[3]= {(x3-xy-x?y-2x3y+y2+3x2y?,
x2 -y -3x%2y+y2ity?+2xy2+2x2y2+
y3_2ty3-3xyd —tx+x2-2y+
ty+xy-2x2y-y2+2ty2+3xy?,
tox+x2-y+tlyaxy-2x2y-y?+
2t y2+3xy%, 1-v-ty, -1-u+x2-
2y +ty+xy-2x2y-y2+2ty?+3xy?)

We canseethatthefirst gereratorlisted givesus our polynomial equationin termsof
x andy:

X —xy— X2y -2y + Y2+ 3%y =0
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