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1 Introduction

In finite dimensionallinearalgebra,weoftenusebasesto answerquestionsabout oper-
atorsandsubspaces.Depending uponthecontext, somebaseswork betterthanothers.
For example,anorthonormal basiscaneasilybeusedto testwhether a given vector is
in a given subspace,or to expressavectoruniquely in termsof thebasis.



It is possibleto perform analogousoperationswith thealgebra of polynomialsover a
finite numberof variables.Gröbnerbaseshavebeenaround for over threedecadesand
serve asconvenient tools for answering questionsaboutpolynomialsandsystemsof
polynomialequations.

2 History

BrunoBuchbergerwrotehis dissertationin 1965at theUniversity of Innsbruckon the
creationof what is now known asGröbnerbases.(Wolfgang Gröbnersupervisedhis
dissertation.)

Buchberger’s work did not really attractnoticeuntil the1970’s, at which time Buch-
bergercoinedtheterm“Gröbner basis.”

The main algorithm for computing Gröbner basesis known asthe Buchberger algo-
rithm.

3 Computation

3.1 Order

We will beworking with longdivisionwith multivariablepolynomials.With onevari-
able,it is clearwhatwemeanby quotient andremainder: if wedividex3 � 1 by x2 � 1,
wehavex3 � 1 � x2 � 1

�
x� � ��� x � 1� , wherethequotient is x andtheremainder

�
x � 1

is required to be“smaller” thenx2 � 1, in thesensethat its degree is smallerthanthat
of x2 � 1.

Whatif wehavetwo variablesx andy? Whatdoesit meanto dividex3 � y3 by x2 � y2?
Do wewantx3 � y3 � x2 � y2 �

x� � �
xy2 � y3 or x3 � y3 � x2 � y2 �

y� � x3 � x2y ?

Thekey is deciding how we wanttheremainderto be“smaller” thanthedivisor. This
impliessomesortof ordering of thepolynomials.We will startby ordering theterms,
so thateachpolynomialwill have a leadingterm. We canthendefinep < q to mean
thattheleadingcoefficientof q

�
p is positive.

Ordering the termsreally comesdown to ordering the monomials x
e1
1 x

e2
2 . . . x

en
n ; once

we have done so,thenwe canworry asto whetheror not thecoefficient of thetermis
positiveor negative.

Sincewearedealingwith polynomials,weneedanorder thatrespectsnotonlyaddition
but alsomultiplication. Thereforewedefineamonomial orderingonthemonomialsto
bea well-ordering < suchthatif m1, m2, andm3 areany monomials,m1 < m2 implies
thatm1m3 < m2m3.

Oneof thesimplestmonomial orderingsis lexicographic:x
e1
1 . . . x

en
n > x

f1
1 . . . x

fn
n if and
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only if thereis a j between1 andn suchthatei � fi for i < j andej > f j . Thisordering
is completely determinedby how we order thevariablesthemselves.

Oncewe have a monomial orderdefined, we have a well-orderingon thesetof poly-
nomials. In performing long division, we will alwaysrequire that the remainder be
smallerthanthedivisor in thesenseof this order. Thus, if we usea lexicographicor-
dering onourvariables,wehavethatx3 � y3 � x2 � y2 �

x� � � xy2 � y3 . Theremainder�
xy � y3 is smallerthanourdivisorx2 � y2 sincetheleadingtermof

�
xy2 � y3 � x2 � y2

is
�

x2, andtheleadingcoefficient is negative.

3.2 Rewriting

We can think of going from a polynomial to its remainder as a form of rewriting.
For example, if we know that x2 � 1 � 0, thenwe canreplacethe leading term x2

everywherethat it appears by
�

1. We will write this substitutionasa rewriting rule
x2 � �

1; we will alsousean arrow wherever we employ it, i.e., x3 � �
x. In the

areaof solvingsystemsof polynomial equations, we would like to beableto useone
equation to simplify anotherin this fashion. The processof applying rewriting rules
to polynomials is known as reduction sincewe are replacing the leadingterm by a
combinationof smallerterms.

In this setting,we would like to reducea givenequationby all of theotherequations,
andthereinlies therub. It is possiblethatreducing apolynomialby differentequations
will yield different results.

For example: Supposeweknow thatx2 � y � 0 andthatx3 � y � 0, whereweorder the
termslexicographicallywith x > y. Thenhow canweusetheseequationsto reducex3?
If we divide out by thefirst polynomial,we have x3 � x2 � y

�
x� � xy, which we can

write asx3 � xy. If we divide outby thesecondpolynomialwehavex3 � x3 � y � y,
whichwe canwrite asx3 � y. Notethattheresultsxy andy differ andthemselves can
notbereducedany further.

This problemwill only occurwhenwe try andreducea termthat is divisible by both
of theleadingterms.

Therefore if we want to make surethat reduction by a set of polynomials leadsto
consistentresults,we will needto make surethat the resultof applying two rulesto
any common multiplesof their leadingtermswill yield thesameresult.

For every pairof polynomialsp andq wedefinetheirsyzygyto be

S
�
p,q��� � lcm

�
pL, qL � / pL � p ��� lcm

�
pL, qL � /qL � q

wherepL andqL aretherespective leadingterms.(Thedifferencewill alwaysresultin
theleadingtermsof theproductscancelling out.) Thesyzygy is ameasurementof how
far apartthereduction of lcm

�
pL, qL� by p or q is. If we now setthesyzygy to 0, we

force theresultsof reductionsby p andby q to beequal.

For example,S
�
x2 � y,x3 � y��� x3/x2 �

x2 � y� � x3/x3 x3 � y � y
�

xy.
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3.3 Algorithm

Whenwe look at all thepossiblecombinationsof a given setof polynomials,we are
looking anan idealgeneratedby them.

A reducedGröbner basisfor a givenpolynomial idealis a setof polynomialsthatwill
alwaysproducethesameresultwhenappliedasrewrite rulesto any polynomial. By
theabove,oneof theproblemsin constructing sucha basislies in makingsurethatall
syzygiesareaccountedfor.

Thefollowingalgorithm, dueto Buchberger, will takeasetof polynomialsandproduce
areducedGröbnerbasisfor theidealthatthey generate.

1. Let G bethesetof polynomials,with a monomialordering on them.

2. Let B bethereducedGröbnerbasis.Startwith B �
	�� .
3. While G is nonempty, let g beanelement,andremove it from G.

4. Reduceg by all of theelementsof B.

5. If g � 0, returnto Step3.

6. Otherwise,seeif any of theelementsb of B canbereducedby g. If so,remove
b from B andaddit to G.

7. Add S
�
g, b� to G for all of theremaining elementsof B.

8. Add g to B.

9. Returnto 3.

It canbeshown that this algorithm will alwaysterminatein a finite number of steps.
At any pointwe mayremoveany constantfactors.

For example: let x > y > zwith a lexicographic orderingonpolynomialsin thosethree
variables.Wewill find aGröbnerbasisfor thepolynomialsx2 � 2, y2 � 3, andx � y

�
z.

Theleading termwill alwaysbewrittenat thefront of thepolynomial.

We startwith:

B �
	��
G �
	 x2 � 2, y2 � 3, x � y

�
z�

Takeg � x2 � 2 from G. SinceB is empty, it cannotbereducedany furtherby division
by elementsof B, andlikewisenoneof theelements of B canbereduced. Thereareno
syzygiesto compute,andweaddg to B.

B �
	 x2 � 2�
G �
	 y2 � 3, x � y

�
z�
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Take g � y2 � 3 from G. It cannot bereducednor reducetheonly elementof B. We
addthesyzygy S

�
y2 � 3, x2 � 2��� � 3x2 � 2y2 to G andg to B.

B �
	 x2 � 2, y2 � 3�
G �
	 x � y

�
z,
�

3x2 � 2y2 �
Take g � x � y

�
z from G. Thefirst generator in B canbereducedby g to y2 � 2yz �

z2 � 2, andis removedfrom B, with its reducedform addedto G. We addthesyzygy
S
�
x � y

�
z,y2 � 3��� y3 � y2z � 3x to G andg to B.

B �
	 y2 � 3, x � y
�

z�
G �
	 � 3x2 � 2y2, y2 � 2yz � z2 � 2, y3 � y2z � 3x�
We take g � � 3x2 � 2y2 from G. Thefirst elementof B reducesg to

�
3x2 � 6, which

thesecondelement of B reducesto
�

3y2 � 6yz
�

3z2 � 6, which now thefirst element
reducesto 6yz

�
3z2 � 3 � 3

�
2yz

�
z2 � 1� . Noneof theelements of B canbereduced

by 2yz
�

z2 � 1, so we addits syzygies S
�
2yz

�
z2 � 1, y2 � 3��� �

yz2 � y � 6z, and
S
�
2yz

�
z2 � 1, x � y

�
z��� � xz2 � x

�
2y2z � 2yz2 to G, andadd2yz

�
z2 � 1 to B.

B �
	 y2 � 3, x � y
�

z,2yz
�

z2 � 1�
G �
	 y2 � 2yz � z2 � 2, y3 � y2z � 3x,

�
yz2 � y � 6z,

�
xz2 � 2y2z � 2yz2 �

After a few more(lengthy) iterations,we endup with G emptyandB ��	 � 1 � 10z2 �
z4,
�

2y � 11z
�

z3,
�

2x
�

9z � z3 � asourGröbner basis.

Thisprocessis too lengthyto bedoneby hand; fortunatelybothMapleandMathemat-
ica have commands for it. In Maple thecommandis groebner[gbasis], andin
Mathematica it is GroebnerBasis[listofpolys, variableorder].

4 Examples

4.1 Solving a System of Polynomial Equations

If it is possibleto eliminatea variable from a systemof polynomial equations, thena
properly chosenGröbner basisfor that systemwill contain a polynomial free of that
variable.

Thesameis truefor eliminatingseveralvariables,soif it is possibleto solve a system
for afinite numberof solutions,thenit is possibleto findaGröbnerbasisfor thesystem
thateliminatesall but oneof thevariables.Theroots of thatunivariatepolynomialcan
besubstitutedbackin to recursively solve for thevaluesof theothervariables.

Supposewestartwith thefollowing systemof equations:

x3 � xy � y3 � 4

xy2 � x3 � y4 � 5
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If we usetheseequations to generatea Gröbnerbasiswith a lexicographicorder, then
if it is possibleto combine theseequations to eliminatea variable,it will show up as
the largest generator in the basis. The smallerof the two variableswill be the one
eliminated.

Using Mathematica, we write the equations aspolynomials in a list, andthe lexico-
graphic orderasa secondlist of variables.

With x > y:

In[1]:= Groebne rBasis ��
xˆ3 � x � y � yˆ3 � 4,

x � yˆ2 � xˆ3 � yˆ4 � 5 � , � x, y ���
With y > x
Out[1]= ��� 1 � 8 y3 � 11 y4 � 13 y5 � y6 �

8 y7 � y8 � 3 y9 � 3 y10 � 3 y11 � y12,
� 8 � 9 x � 8 y � 55 y2 � 117 y3 � 88 y4 � 25 y5 �
55 y6 � 18 y7 � 17 y8 � 20 y9 � 23 y10 � 8 y11 �

In[2]:= Groebne rBasis ��
xˆ3 � x � y � yˆ3 � 4,

x � yˆ2 � xˆ3 � yˆ4 � 5 � , � y, x ���
Out[2]= ��� 381 � 560 x � 100 x2 � 395 x3 � 372 x4 � 40 x5 �

143 x6 � 87 x7 � 4 x8 � 21 x9 � 7 x10 � x12,
118423266 � 3938750 x � 86476014 x2 �
50817625 x3 � 2517535 x4 �
28636842 x5 � 2790073 x6 �
2844613 x7 � 2148924 x8 � 482607 x9 �
428450 x10 � 97642 x11 � 69569829 y �

In both cases,the first generator is a twelfth-degreepolynomial in a singlevariable.
Generally suchanequationwill notbesolvablein termsof radicals,etc.,but thesystem
canthenbe“solved” in termsof theroot.

For example, given that y is a root of the first generator in the first case,the second
generatorexpressesx in termsof y. Similarly, thesecondcaseallowsusto expressy in
termsof x, giventhatx is a root for thegiven twelfth-degreepolynomial.

4.2 Eliminating a Parameter from Parametric Equations

If we aregivenpolynomialor evenrational parametric equations, we canusethemto
solve for a Gröbner basisthatcontains at leastonegeneratorthatdoesnot contain the
parameter(s),i.e.,animplicit equation connectingothervariables.

Let x � t/
�
t2 � 1� andy � t2/

�
t3 � 1� . Wewill try to eliminatet andproduceanequation

connectingx andy.
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As written, x andy arenot polynomial functions,but we canintroducetwo auxiliary
variablesu andv to bethereciprocalsof thedenominators:

x
�

tu � 0

y
�

t2v � 0

u
�
t2 � 1� � 1 � 0

v
�
t3 � 1� � 1 � 0

If weorderthevariablesu > v > t > x > y, thenthegreatestpolynomialin theGröbner
basiswill eliminateu, v, andt if at all possible.

UsingMathematica onthis system,we find:

In[3]:= Groebne rBasis ��
x � t � u, y � tˆ2 � v, u � tˆ2 � 1  !� 1,

v � tˆ3 � 1  "� 1 � , � u, v, t , x, y ���
Out[3]= � x3 � x y � x2 y � 2 x3 y � y2 � 3 x2 y2,

x2 � y � 3 x2 y � y2 � t y2 � 2 x y2 � 2 x2 y2 �
y3 � 2 t y3 � 3 x y3, � t x � x2 � 2 y �
t y � x y � 2 x2 y � y2 � 2 t y2 � 3 x y2,

� t � x � x2 � y � t2 y � x y � 2 x2 y � y2 �
2 t y2 � 3 x y2,1 � v � t y, � 1 � u � x2 �
2 y � t y � x y � 2 x2 y � y2 � 2 t y2 � 3 x y2 �

We canseethat thefirst generatorlistedgivesusour polynomial equationin termsof
x andy:

x3 � xy
�

x2y
�

2x3y � y2 � 3x2y2 � 0
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