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Abstract

Large permutation groups can be factored into subgroup chains; it
is possible to describe briefly the properties of groups too large to list
explicitly.

1 Introduction

When I teach groups in my Abstract Algebra class, we focus almost
entirely upon ones that can be described by a multiplication table.
Most of the good examples that I cite in class (symmetry groups for
polyhedra, the permutation group for Rubik’s cube) are too large to
be so described, even when they are finite.

How can we know that 43,252,003,274,489,856,000 is the size of the
permutation group for Rubik’s cube? The number is far too large to
find by listing all the group elements, even by computer. This paper
will describe a method for finding the size of a permutation group
that will also provide a method for testing whether or not a given
permutation is contained within the group.

In what follows, the work on orbits and stabilizers can be found in
elementary texts on group theory such as [4] and [5], while the work
on Schreier’s Theorem is less well-known and can be found in [1], [2],
[3], and [6].



2 Strategy

We will break down our large group, one step at a time, into a chain
of nested subgroups.

Let G be a permutation group on {1,...,n}, i.e., a subgroup of
Sp, that is given by a list of generators {p1,...,pm}. We want to be
able to take the list of generators to find the size of G, and along the
way, develop a test for membership in G.

At each stage, we will pick a point x in the set {1,...,n} being
permuted, and look at

1. its orbit, which can be found using the generators of the group,
and

2. its stabilizer.

2.1 Orbits and Stabilizers

For any point z between 1 and n and any g € G, we define 29 to be
the action of g on x. We then have for each z

1. 2¢ = {29 | g € G} is the orbit of z, and
2. Gy ={g9 € G| 29 =z} is the stabilizer of z.

Let g, h € G be such that 29 = z". then

29 = 2"
2 = g
gh™t e G,
Gugh™' = G,
Grg = Gih
Conversely, if Gp,g = G h, then
G.g = Gih
gh™t e G,
29 = (x(gh”))h



Thus there is a one-to-one correspondence between the points in
the orbit of x and the right cosets of its stabilizer. In particular,

G| = |G : Go||Ge| = ‘xGHGm‘

2.2 Computing the Orbit of a Point

Let {p;} be a generating set for G. Given z € {1,...,n}, we can find
the orbit of x recursively:

1. Let C be an array of size n, with each element set to 0 or some
other marker value initially. C' will store permutations that send
s to different elements of its orbit.

2. Set C[x] = (1), the identity element.

3. Let @ be a queue, i.e., a list where elements are added to the
end and removed from the beginning. @) will contain the points
remaining to be checked.

4. Add z to Q.
5. Remove the first element from @ and call it p.

6. For each generator p;, check to see if C[pPi] has yet been defined.
If not, set C[pPi] to C[p]p; and add pPi to Q. Similarly, check to

—1 —1

see if C[pPi | has yet been defined. If not, set C[pPi | to C[p]p; *
and add p”  to Q.

7. Repeat Step #5 until @) is empty.

Every point stored in C' is in the orbit of x by construction. The
algorithm does not end, until C' is closed under the action of G, so the
entire orbit is stored in C'. Step #b5 is repeated only when new points
in the orbit are found, so that the algorithm will terminate after a
bounded number of sets.

C stores coset representatives for the stabilizer of x, indexed by
the image of x.

2.3 Stabilizer of a Point

The stabilizer of a point « € {1,...,n} is the subgroup of G consisting
of permutations that leave s fixed. Given a generating set for GG, and
a set C of coset representatives for G, in G, the following theorem
will help us to find a set of generators for G,.



Theorem: (Schreier’s Theorem) Let H C G be a subgroup, and C'
be a set of coset representatives for H in GG, with the identity being
the coset representative for H itself. Let ¢ : G — C map g to the
coset representative of Hg in C. Then H is generated by the set

{cg [(Z)(cg)]_l |ce Cand g€ {p1,...,Pm}}

Proof: Let h = gi1gs...9, be any element of H, expressed as a
product of elements in G. Define ¢y = (1) and ¢; = ¢(g1...¢;) for
i = 1,...,n. Note that since h = g;...9, € H, ¢, = (1). Then
cit1 = ¢(¢igit1), and we can write

h = g1...9n

= Cog1-- -gnCEI
= <009101_1) <C19262_1> (cn_lgncﬁl>

= (C(ng [¢(Cogl)]71) (0192 [¢(Clg2]71) (Cn—lgn [éf)(cnflgn]*l)

and we can express any element h of H as a product of elements
from {cg[p(cg)] ' | c€ C and g € {p1,...,pm}}, which is therefore a
generating set for H.

2.4 Method

Given a generating set of permutations, we pick a point b that is moved
by at least one of them. We find the orbit of b and the corresponding
coset representatives for the stabilizer G. We then apply Schreier’s
Theorem to find a set of generators for the stabilizer Gj, and we
repeat the process with a new point and stabilizer, etc., until we end
up with a stabilizer consisting entirely of the identity. ([1] refers to
this algorithm as the Schreier-Sims method.)

Let G = Go 2 G1 2 G2 2 ... 2 Gy = {(1)} be the chain of
stabilizing subgroups, with {b;} the set of points chosen at each stage.
The collection {b;} is called a base for G: The only identity which
leaves all of the b;’s fixed is the identity. Then G; leaves {b1,...,b;}
fixed, and is the stabilizer of b; in G;_1.

For each Gy, let {p;1,pi2, ...} be a generating set of permutations.

Let C; = {c;j} be the set of coset representatives for G; in G;_1,
where b;7 = j.

Suppose that z € G.



1. b7 is in the orbit of by, and there is an element ¢; € C} such that
7 = b, i.e., such that mcl_l is in the stabilizer G of b;.
-1
2. bgcl is in the orbit of b, and there is an element co € C5 such

-1
TCq 1 1

that by ' = b32, i.e., such that xcy
ba.

3. Repeat, until zc;'e; ' .. ¢t is in Gy, = {(1)}. Then

¢, is in the stabilizer G of

zeteyt et = (1)

r = CmCm—-1...C2C1

Conversely, every product ¢;,¢pm—1 ... cac1 is a product of elements
of G, and thus is in G.

If 2 = cpem—t...coc1 = ¢ch, 1 ... b} are two different factor-
izations of x, then ¢; = ¢} since both are the coset representative
corresponding to bf. Similarly co = ¢, since both are the correspond-
ing to bgcl 1. By the same reasoning ¢; = ¢ for i = 1,...,r and the
factorizations are unique.

We now have a unique representation for every element of G that
we can use to test if a given permutation x € G. The size of the group
is equal to the number of such representations, which in turn is the
product of the sizes of C; for i = 1,...,r, i.e., the product of the size
of the orbits for each b;.

3 Example

Let G = Go be the group generated by p;1 = (1 2 3)(5 6 7) and
D2 = (2 3 4)

Let by = 1. Then we have the following orbit for 1 under p; and
ba:

_

= 1P where p; =(123)(567)

171" where p;! = (13 2)(5 7 6)

— 9P — 1772 where pips' =(143)(567)

[
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Let {ci11,c12,c13,c14} be the four permutations listed above. We
will compute ¢q;p; [(b(cu)pj)]_l for i = 1,2,3,4 and j = 1,2. When
applying ¢, we will only need to see where ci;p; maps 1. We therefore
have eight generators to compute for G:

e B T ol

(1)(123)(567)[(123)(567)]" = (1).
(1)(234)[(1)] " =(234).
(123)(567)(123)(567)[(132)(576)] " =(1)
(123)567)(234)[(132)(576)] '=(243)(576)
(132)(676)(123)(567)[(1)]'=(@1).
(132)(576)(234)[(143)567)] ' =(234)(567)
(143)(567)(123)567)[(143)(567)] ' =(243)(567)
(143)(567)(234)[(123)(567)]" = (1).

Note that most of the generators are redundant; we can omit the
identity, and if we include (2 3 4)(5 6 7) we do not need to include its
inverse (2 4 3)(5 7 6). Thus G is generated by two elements: py =
(234) and p3 = (2 3 4)(5 6 7), where we label the last permutation
ps for convenience.

Let by = 2. Then we have the following orbit for 2 under ps and

p3:

— 9o
2P2 where po = (2 3 4)
4 = 27 where Pyt =(243)

Let {ca2, c23, 24} be the three permutations listed above. We will
compute c2;p; [(ﬁ(chpj)]_l for i = 2,3,4 and j = 2,3. We therefore
have six generators to compute for Ga:

1.
2.
3.
4.
D.

((234)[234) (D
1234567234 =(567).
(234)(234)[(243)]" = ()
(23)@3@@67H(4@] = (56 7).
(243)234) ()] = (D).



6. (243)23D)GB67[(1)] P =(6T7).

Again, most of the generators are redundant. Gs is generated by
P4 = (5 6 7)
Let b3 = 5. Then we have the following orbit for 5 under py:

5 = 50
= 5P where py =(567)
7 = 5P where p;! = (57 6)

Let {cs5, 56, c57} be the three permutations listed above. We will
compute cs;p; [qb(ctr,ipj)]*l for i = 5,6,7 and j = 4. We therefore have
three generators to compute for Gs:

L (1)(567)[(567) " =(1).
2. 567)(567)[576)] "= (1).
3. 676)(67) (1] =().
At this point, we see that G4 = {(1)} and we can stop. We know

that G has size 4 x 3 x 3 = 36, and we have an algorithm to see if an
arbitrary permutation is contained in G.

For example, is (1 2)(3 4) € G?
We start with by = 1: 1¥ = 2, and
ey = (12)34)[(123)567) "
= (234)(576)
stabilizes 1. )
Next, we check by = 2: 2%¢12 = 3, and
repey = (234)(576)[(234)]7"
= (576)
stabilizes 2. -
Last, we check bg = 5: 5%¢12 %3 = 7, and
ey = (576)[(576)
= (1)
stabilizes 5.
Therefore a:cl_21623_1c5_71 = (1) and & = c57¢23¢12 is in G. Note that

we only needed to check three points (1, 2, and 5) in order to make
that decision, as opposed to all seven points.
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4 Efficiency

Note that most of the stabilizer generators that we computed were
redundant, and that the number of computations can be quite large.
If we were to program a computer to perform these computations
without recognizing redundancy, the number of computations for each
stabilizer would grow factorially. This would be bad.

A better way is to initialize all of the stabilizer subgroups to con-
tain just the identity, and then to add G’s generators one at a time.
Recalling that G = G, we would use the following procedure to add
a new generator g to G;:

1. Check to see if g is already in G;. If so, stop.

2. Update the orbit of b; 1 with g added to G;’s generators.
3. For each computation ¢;g [qzﬁ(cig)]_l, add the result to G;1.
4

. Apply this algorithm to each of the generators for G;11, then
move on to the next generator for G;.

5 Conclusion

By creating a chain of stabilizer subgroups, we factor a group into
manageable pieces.

In the case of the group for Rubik’s cube, there are 48 different
squares that are moved by rotating the sides of the cubes. (6 squares
in the center of each face stay fixed.) The degree is 48, and since
corner faces go to corner faces and edge faces go to edge faces, each
orbit has size at most 24. The orbit sizes are

{24,21,18,15,12,9, 6,24, 22,20, 18, 16, 14, 12, 10, 8, 6, 2}
for a properly chosen base, which is where the number
43,252,003,274,489,856,000

comes from.

There are many efficiency considerations that can speed up the
computations, but the algorithm presented above in its plainest form
permits the computation of the size (and a check for membership) of
extremely large groups.
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