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Many algebraic systems have natural equiva-
lence relations defined on them, where equiva-
lent things are not equally simple to work with.

e 1/2 and 352/704 are equivalent represen-
tations of the same fraction, but the first
form is much easier to work with.

e r + x and 2x are equivalent polynomials,
but the second form is easier to work with.

{(1,2,3)",(4,5,6)',(7,8,8)1}
and
{(1,0,0)7,(0,1,0)7, (1,0,0)"}

are both bases for the same vector space
over R, but the second is much easier to
work with.



For many such systems, it is possible to iden-
tify a partial order “is simpler than” that is
consistent with the equivalence relationship. If
so, then we can take any object within the sys-
tem and try to replace it by a simpler equiva-
lent object.

This is what we do when we simplify fractions,
put polynomials into standard form, or change
to simpler bases in a vector space.



Problems:

e How do we find a simpler object?

o If we keep simplifying, will we ever find a
simplest equivalent object?

e If we do find a simplest equivalent object,
IS it unique?



Equivalence relations for mathematical systems
are often generated by a finite list of axioms,
each claiming that two expressions are equiva-
lent. For example, a group has as axioms the
associative law and the definitions of the iden-
tity and inverses. A commutative group has an
additional axiom involving commutativity, etc.

Given such a finite list of axioms, if we can
consistently designate one form as simpler than
the other, we can use the axiom as a rule for
simplifying expressions.



Example: group theory. For simplicity of work-
ing with the algorithm we will use prefix nota-
tion. Let m represent the multiplication oper-
ator, ¢ represent the inversion operator, and e
represent the constant identity. Let a,b,c be
variable names. Then it is theoretically pos-
Sible to define a group using associativity, a
left-identity axiom, and a left-inverse axiom.

e mmabc = mambc

® Mmea — a

® miaa = e



It is possible to define a partial order on this
system using two properties:

e If x is a term containing a variable y, then
y is simpler than .

e Given fxrqixo... and fyjyo... we can com-
pare them lexicographically.



We can replace each axiom by a rewrite rule:

e mmabc — mambc

® mea — a

® miaa — €

In this fashion, we can solve the first prob-
lem: given a finite list of axioms, we can try
to find a partial order that is consistent with
the equivalence relation that they define. Then
we can transform our list of axioms into a list
of rewrite rules. Given a term to simplify, we
keep on applying the rewrite rules, always find-
ing something simpler.



For example:

mmaiaala — meia

— a

Fortunately, we can show that this set of rewrite
rules will always terminate: the number of sym-
bols in each term will either decrease, or they
will stay the same and some m's will move to
the right. Neither of these options can be re-
peated indefinitely.

Unfortunately, this result is not unique. If we
apply the first rewrite rule:

mmiaara — miamaia

which can not be simplified any further.



This ambiguity arises because of overlap be-
tween the associative and inverse axioms. One
way of dealing with this sort of ambiguity is
to search out all possible overlaps (which can
be done immediately with any two specific ax-
ioms) and add them as new axioms.

If this process converges to vield a finite set of
rules, we are done. It need not converge.

If it does converge, the system of rewrite rules
can be used for automated theorem-proving.
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Knuth and Bendix in their original paper spec-
ified a way of defining a partial order based on
weights given to the operators as well as the
order in which they are listed.

Simplification is a program that I have written
implementing the Knuth-Bendix procedure.
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[E5 Simplification

Hew Operator

Operators Declared

Hame:

Degree:

Weight: |1

Add

e degree =0, weight=1
m: degree = 2, weight=0
i degree=1,weight=10

Delete

Revise

Hew Wariable

Variables Declared

Hame:

Add

Delete

Revise

Clear all Declarations

Enter Axioms
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[ Simplification

Axioms Declared

Hew Axiom
mmahec=mambecg
Axiom: || mea=a
migaa=ege
Add
Maximum Number of Equations Processed: (5000
Delete Revise
Clear Axioms Compute Rewrite Rules
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k3 Simplification
Hewrite Rules

#1:. mea-=3

#2 miaa-=g

FI mmabc-=mamhec
#d. miamab-=b

#a ie-=g

#10. iia-*a

#11: mae-=3

#12 maia-re

#13. mamiab-=h
#F16 imab-=mibia

Note that among the results are the conse-
quences that the inverse also is a right-inverse
and that the identity is also a right-identity.
Checking the log file generated by Simplifica-
tion provides a derivation of these results.
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Simplification is written in Python, an object-
oriented language know for its clarity and con-
cision. Python programs can run on their own,
or they can be compiled into Java bytecode
and/or JAR files. Simplification itself is a JAR
file.
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Simplification can be used to explore axiom
systems and see what their conseguences are.
I hope that it will prove useful to students and
faculty in upper-level abstract algebra classes.
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4. All things Python can be found starting at
http://www.python.org.

5. All things Jython (using Python to create
Java bytecode) can be found starting at
http://www. jython.org.



